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We have calculated the Bhatia-Thornton partial structure factors for a two component 
system of charged hard spheres in solution, using the mean spherical approximation for 
the computation of the Ashcroft-Langreth structure factors. Our results show that for 
electrolytes which are highly asymmetrical in size and charge, the charge-number partial 
structure factor S,,(q) is very sensitive to the distribution of the ions. The Bhatia-Thorn- 
ton structure factors exhibit clearly the effects of charge ordering and condensation of the 
small ions around the large ions in concentated solutions. 

KEY WORDS: Bhatia-Thornton structure factors, polyelectrolytes, 
condensation, solutions. 

1 INTRODUCTION 

In the study of binary liquid alloys the Bhatia-Thornton' structure 
factors have been very successful in providing a ready link between the 
thermodynamic properties of the alloy and the scattering functions. 
These three structure factors which, for charged systems, are named as 
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the number-number, charge-charge and number-charge partial struc- 
ture factors relate the fluctuations in particle number and charge and 
the correlation between these two fluctuations in the system. Further- 
more they are linearly related to the better known Ashcroft-Langreth' 
structure factors which characterise the species-species correlations. 
The Bhatia-Thornton partial structure factors both in their long-wave- 
length limit, where they relate to the thermodynamic properties of the 
system, as well as for finite wavevectors, have been extremely successful 
in advancing our understanding of chemical short-range order in liquid 
binary alloys.334 It is a straightfoward matter to evaluate these struc- 
tures factors for electrolyte and polyelectrolyte solutions in which the 
Ashcroft-Langreth structure factors have been c o m p ~ t e d ~ ~ ~ ~ ~  for sever- 
al cases. Whereas it appears that the Ashcroft-Ldngreth partial struc- 
ture factors are not very illuminating, we shall show in this work that 
the Bhatia-Thornton structure factors exhibit clearly the effects of 
charge ordering and the onset of charge condensation as a function of 
the ionic charge and size difference and concentration of the ions in the 
solution. In this work we consider a two component system of charged 
hard spheres, immersed in a continuous background, interacting via a 
direct coulomb potential i.e. the primitive model (PM) of electrolytes. 
This model has been frequently applied to polyelectrolyte solutions 
such as some biological systems, micellar solutions and colloidal 
s ~ s p e n s i o n s . ~ ~ ~ ~ ' ~  We use the mean spherical approximation (MSA) for 
the computation of the Ashcroft-Langreth structure factors. In Section 
2 we define the Bhatia-Thornton structure factors and proceed to their 
evaluation for arbitrary sizes, charges and concentration of the ions. In 
Section 3 we give a discussion of the results. 

2 STRUCTURE FACTORS 

We adopt the following definitions and conventions. The two ions have 
diameter c, and c,, valence Z ,  and Z,, with c2 being larger than u1 
and Z ,  being higher than Z ,  in absolute value. The concentration 
fraction of ions of type i is defined by 

n .  c. = 2 
' n'  

where n, is the number density of ions of species i and n is the total 
number density. We choose the dielectric constant as E = 78.3 and the 
temperature T = 298°K. The MSA for the interionic direct correlation 
function for the primitive model of a multicomponent system of 
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charged hard spheres has been solved analytically by Blum.” We use 
Hiroike’s’ results for the determination of the direct correlation 
function Cij(q). The Ashcroft-Langreth structure factors are given by 

S,,(q) = (1 - nzC22(q))/W) 
S22(q) = (1 - n,C,,(q))/ml) 
S,2(q) = (nln2)”2C12(q)/~(4>, 

D(q) = (1 - nlCl1(4))(1 - n,C22(q))  - n,n,C?,(q). 

S,,(4) = C1S11(q) + 2(c1c2)1~2s,2(q) + C,S22(q> 

SQQ(q) = c2S11(q) - 2(c1c2)1’2S12(q) + c1S22(q) 

(2) 

where q is the scattered wavevector and 

The Bhatia-Thornton structure factors are given in terms of (2) as 

(3) 

where S,, denotes the number-number, SQQ the charge-charge and 
SNQ the charge-number partial structure factors. 

3 RESULTS AND DISCUSSION 

Figures 1-4 show the three Bhatia-Thornton partial structure factors 
S,,(q), sQQ(q) and s,Q(q) for different combinations of the ionic 
diameters, charges and concentrations. They are intended to display the 
characteristic physical features which arise from variations of the 
adjustable quantities rather than mimic any particular system. 

In Figure 1, as a reference point, we have chosen an ionic hard sphere 
diameter ratio al/a2 = 5 &lo A and a small asymmetry in the ionic 
charges of Zl/Z2 = -1/+6. The total number density of ions in 
solution was set at n = 6.02 x m P 3  which corresponds to a 0.1 M 
solution. For this diameter ratio, which is not very large, we find that 
within the MSA there is little cross correlation between the charge and 
number fluctuations, since SNQ(q) shows only small departures from a 
constant zero value. Note that within the MSA solution for the 
primitive model with equal diameters of the two ionic species (i.e. the 
restricted primitive model of electrolyte) there is no cross correlation at 
all between the charge and number fluctuations so that SNP(q) = 0 for 
all q. The figure shows that S,dq) N 1 which indicates that we have a 
very dilute system with regard to simple excluded volume consider- 
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Figure 1 The Bhatia-Thornton structure factors S,,(q), S,,(q), S,,(q) of a solution of 
charged hard spheres with u1 = 5 A, u, = 10 A, Z ,  = - 1, Z, = +6. The total number 
density of the ions n = 6.02 x ~ n - ~ ;  E = 78.3, T = 298°K and q is the wavevector. 

ations. The charge-charge structure factor SQQ(q) shows more structure 
than any other partial structure factor which implies that there is some 
degree of charge ordering within the solution. 

The effects on the Bhatia-Thornton structure factors of increasing 
the asymmetry of the small and large ions is shown in Figure 2, where 
the electrolyte has the same concentration as in Figure 1, i.e. a 0.1 M 

4.0 I 

Figure 2 The Bhatia-Thornton structure factors S,dq), SQQ(q), S,,(q) of a solution of 
charged hard spheres with u1 = 5 A, u2 = 50 A, 2, = - 1, Z ,  = +20. The total number 
density of the ions n = 6.02 x loz5 I I -~ ,  E = 78.3, T = 298°K and q is the wavevector. 
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Figure 3 The Bhatia-Thornton structure factors S,,(q), S,,(q), S,&) of a solution of 
charged hard spheres with uI  7 5 A, u2 = 50 A, 2, = - 1, 2, = +50. The total number 
density of the ions n = 6.02 x loz5 m-3,  E = 78.3, T = 298°K and q is the wavevector. 
Note that only the asymmetry in charge has been changed with respect to Figure 2. 

I 

Figure 4 The Bhatia-Thornton structure factors S,,(q), SpQ(q), S,,(q) of a solution of 
charged hard spheres with u1 = 5 A, u2 = 50 A, Z, = - 1, Z, = +20, the total number 
density of the ions n = 12.04 x loz5 E = 78.3, T = 298°K and q is the wavevector. 
The parameters have the same values as in Figure 2 except that the concentration of the 
ions is doubled. 
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solution. The ion size asymmetry has been increased with cr,/a2 = 
5 A150 A and a corresponding increase in the charge asymmetry has 
been made to ensure the stability of the MSA solution. Here we have 
taken ZJZ2 = - 1/+20. When compared with the results of Figure 1, 
we note that there is a small but noticeable change in S,,(q) that is a 
result of the increased excluded volume of the ions. But S,,(q) still 
shows very little structure. The increase in charge asymmetry between 
the ions has significantly sharpened the structure of SQQ(q) and moved 
the location of the principal peak to smaller wavevectors. This can be 
interpreted as an enhanced charge ordering in the solution due to the 
increased electrostatic interactions. Most dramatic has been the alter- 
ation to the form of the cross correlation structure factor SN0(q)  which 
now displays a strong oscillatory structure and signifies a strong 
coupling of the charge and number fluctuations in the sample. 

Figure 3 shows that the Bhatia-Thornton structure factors have the 
ability to distinguish the effects of charge asymmetry from those of size 
asymmetry. Here we have kept all of the parameter values the same as 
in Figure 2, except for the ionic charge asymmetry which has been 
increased to Z , / Z 2  = -l/+50. Comparing Figures 2 and 3 it is 
immediately apparent that there has been little alteration to the form of 
S”(q) which supports our hypotheses that S,,(q) is principally deter- 
mined by excluded volume considerations. The increase in charge 
asymmetry is clearly reflected in the enhanced structure of SQQ(q).  The 
enhancement of sNQ(q) that has resulted from an increase of the ion 
charge asymmetry is also notable. But the most interesting aspect of 
this curve is the appearance of secondary maximum or “shoulder” on 
the high angle side of the principal peak of SNQ(q)  which is located at a 
wavevector corresponding to the inverse Debye screening length. 

The effect of the electrolyte concentration is illusrtrated in Figure 4 
for which we have chosen the same parameter values as in Figure 2 
except for the electrolyte concentration which has been doubled, i.e. a 
0.2 M electrolyte solution. It can be seen that the amplitudes of the 
oscillations in sNQ(q) have increased dramatically, by a factor of nearly 
three, although the shape of the curve is similar in both figures. At the 
same time sN,(q), the fluctuation in particle number, starts to display 
some significant topological order that follows from increases in the 
excluded volume of the ions. The charge ordering, indicated by SQQ(q), 
also shows enhancement with increases in the electrolyte concentration 
as expected. 

The sensitivity of the cross correlation Bhatia-Thornton structure 
factor, sNQ(q), to details of the ion size and charge asymmetry is 
remarkable; all the more so, since earlier studies of similar systems 
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through the Ashcroft -Langreth partial structure factors showed no 
such dramatic From the results obtained here, a physical 
picture follows in which the large highly charged ions are surrounded 
by a condensed layer of the small ions which are constantly jumping 
from one large ion to another, a picture that is consistent with the 
concepts of counterion condensation from polyelectrolyte theory.13 
Thus we conclude that the Bhatia-Thornton structure factors provide a 
useful and physically appealing method for studying scattering from 
electrolyte and polyelectrolyte solutions in which the size and charge 
asymmetry of the ions is large. 
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